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On the Empirical Validity of Koopmans' Theorem 
By 

F. W. Brass and W. O. LAIDLAW* 

The application of KOO~MANS' theorem is investigated within the context of the LCAO 
interpretation of a general SCF formalism. An empirical criterion for the validity of the assump- 
tion of identity of corresponding orbitals in the ion and parent system is discussed. Calcula- 
tions on He, Li, Be and pyridine are reported. 

Die Gfiltigkeit yon KooPM•zes' Theorem l~flt sich mittels eines verallgemeinerten SCF- 
Formalismus priifen. Ein Kriterium fiir das Zutreffen der Annahme, einander entspreehende 
EinteilchenzustSnde in Atom und Toehter-Ion seien identiseh, wird in diesem Zusammenhang 
diskutiert. Die Rechnungen sind am Helium, Lithium, Beryllium und Pyridin durehgeffihrt 
worden. 

La validit6 du th6or~me de KOOPMANS dans un formalisme SCF g6n6ral est 6tudi6e au 
cadre d'une interpr6tation LCAO. Un crit&re empirique pour l'identit6 des orbitales de l'ion 
et du systbme p@re correspondant est diseut6. Nous rapportons des calculs sur He, Li, Be et 
pyridine. 

Introduction 
Before the introduct ion of the open-shell SCF formalism of I~OOT~AA~ [10] 

it was necessary, in LCAO calculations, to  employ KOO~AXS'  theorem [4] to 
determine the ionization potentials of closed-shell systems, i. e., to  equate the  
ionization potential  with the negative of the orbital energy of tha t  orbital f rom 
which the electron was removed. This is not  an approximat ion in the theoretical  
context  if the corresponding orbitals of  the ion and parent  system are identical. 
As an approximat ion to  the experimental  value it suffers much the  same fate as 
other calculated energy quantities. 

Recent ly  I~gAGA and BlgSS [3] have given the LCAO form of their SCF forma- 
lism for a general system without  restrictions on the number  or symmet ry  of  
open-shells. Due to its characteristics this theory  is convenient  for an investigation 
of  the basis of KOOP~ANS' theorem [5] and the relation between a calculated 
ionization potential,  the corresponding orbital energy and the experimental  
ionization potential.  

The systems used in this investigation are the helium, l i thium and beryll ium 
~toms and the pyridine molecule. Accurate  SCF calculations are made  upon the 
a toms and their ions. I n  s tudying pyridine a SCF procedure is used and the 
approximations due to P A ~ I S ~  and PAg~ [7] are introduced. The method  
resembles one due to  PoPLv, [8]. Since one of  the  approximations in t roduced is 
neglect of the overlap matr ix  between non-or thogonal  basis set functions, we 
investigate the effect of this assumption upon the atomic calculations in order to 
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obtain some indication of the effect of the assumption alone upon an investigation 

of the basis of Koo~e~A~s' theorem and related matters. 

The SCF Equations 
The operator proposed by Bn~ss and Y•AoA [1] is: 

R/~ ~/~ ~ .  r k , 

where the superscripts p~  indicate that  the/c, 1 summations are to be taken over 
occupied orbitals bearing the symmetry  designation u (species) and cr (subspecies). 
The t tar t ree-Fock operators are defined by:  

F~ ~ = / ~  [H + Z~/~ I~ + 2.~ ~, ~ ~ 

in which /~ is the fractional occupancy of the /~ shell of symmetry  designation 
if, H is the one-electron operator contairfing the kinetic and nuclear potential 
terms and the operators I~ r162 I~ are defined by:  

- -  ~ ' k m  �9 

The J and K operators are the coulomb and exchange operators; the a and b are 
parameters related to the particular state of the configuration under considera- 
tion. 

The operator R "~ has as eigen~unctions all occupied orbitals bearing symmetry  
designation fl~, regardless of their occurrence in open- or closed-shells : 

The eigenvalue 0~  is re]ated to the orbital energy, N~ ~ by: 

v~ ~ = 0 ~ / t ~ .  

The LCAO form of the eigenvalue equation is the matr ix  equation : 

~.~  c ~ .  = 0~.~ s . ~  c ~ .  

The column vector C{ contains the linear expansion coefficients arising from the 
LCAO expansion of orbital ~{~: 

where Z~ ~ is a row vector whose components are the basis set functions Z~ ~. The 
matr ix  R ~ has the elements: 

R;; = <z~,= I w "  Iz~=> . 
Similarily : 

ffcr f f~ 

Further  expansion of the matr ix  R ~ in terms of matrices involvi~g the vector 
C~ and the elements : 

may  be found in reference [3]. 
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A c c u r a t e  A t o m i c  C a l c u l a t i o n s  

Calculations were performed upon the systems He, He +, Li, Li ~, Be, Be+ using 
as basis set functions the is, 2s and 3s Slater orbitals. The orbital exponents 
chosen are given in Tab. i, identical exponents being used for the ion and its 
parent system. A programme was prepared for the I B ~  1620 computer which 
calculated the constituent integrals and matrices and carried out the SCF calcula- 
tion. The criterion for self-consistency was agreement of two successive sets of 
linear coefficients to five decimal places. The results of the calculations are dis- 
played in Tab. 2, along with derived quantities and the experimental ionization 
energy. The SCF coefficients are given in Tab. i. 

Table 1 
Orbital exponents, ~ and linear coe//icients (C~) /or occupied orbitals in accurate atomic- 

calculations 

H e  + 

He 

Li + 
Li 

]Be + 

:Be 

Slater Orbital 
System 

ls 2s 3s 

Cls 
Cls 

Cls 
Css 

Cls 
Css 
Cls 
Css 

L00 
0.95 
2.000 
1.00 
1.01 

-0.12 
2.700 
1.00 

-0.18 
1.00 

-0.20 
3.700 

0.00 
0.16 
0.575 

-0.02 
- 0.04 

1.02 
0.650 

-0.02 
1.03 

-0.01 
1.02 
0.975 

0.00 
0.01 
0A00 

-0.01 
-0.0l 

0.00 
0.300 
0.00 

-0.04 
0.00 
0.02 
0.300 

These results can be examined from two points of view: with regard to the 
accuracy of prediction of experimental ionization potentials by the calculated 
value; second, as an indication of the validity of the application of KOOP~ANS' 
theorcln. 

The percentage errors in the calculated ionization potentials compared to 
experimental are: He t 3 % ;  Li 2%; Be 10%, the experimental value always being 
larger. This is the degree of accuracy one has come to expect in such calculations 
due mainly to the neglect of the correlation energy and, perhaps, in tile present 
calculation, the non-optimum values of the orbital exponents. The relative dis- 
crepancies are what one would expect from a consideration of correlation effects. 
The main contribution to correlation energy is from electron pairs in the same 
orbital [11]. No orbital pair correlations are greatly disturbed in the ionization 
of lithium whereas in helium and berylhum tile I s and 2s electron pair correlations 
are removed upon ionization. The inclusion of correlation energy would lower the 
state energies of the lithium atom and ion by approximately equal amounts;  
the atom state energies of the other systems would be lowered considerably more 
than the corresponding ion energies. 

In  considering the validity of the application of KooP~aAss' theorem as a 
means of calculating ionization potentials, one can investigate the basic assump- 



Validity of Koopmans' Theorem 189 

tion of identical corresponding orbitals in the ion and its parent system. Examina- 
tion of the linear coefficients in Tab. I does not reveal any startling differences 
although the identity of corresponding orbitals is more closely approached in 
progressing along the sequence, helium, lithium, beryllium. 

As a filrthcr criterion we have shown in Tab. 2 the difference between the 
ionization potential, determined from the ealcniated energies of ion and parent, 
and the highest occupied orbital energy. In the last column of the table the per- 
cent contribution of the highest orbital energy to the royal calculated energy is 

Table 2 
Total electronic energy (E),  calculated ionization potential (I~), highest orbital energy (E,) ,  
experimental energy and related quantities ]or accurate atomic calculations. Hartree units are used 

System E 

He + -2.000 
He -2.787 
Li + - 7.224 
Li -7.418 
Be + 14.247 
Be - t4.556 

Ic 

-0.787 

0A94 

0.309 

Ev 

-0.824 

-0,198 

-0,312 

Expt. 

0.903 

0.198 

0.342 

E, + Ic 
E~ 

%T 

-0.037 I 33 

0.0(}4 I 3 

-0.003 2 

displayed. There is a strong correlation between these quantities. Hence it appears 
that  the approximation will become more accurate the larger the system and, in 
fact, even with a system as small as beryllium the approximation is already quite 
good. 

I t  is interesting to note that, even though the basis of KooPNAIgs' theorem is 
not strictly valid, i. e., corresponding orbitals in related systems are not identical, 
the highest orbital energy is nevertheless a better approximation to the true 
ionization potential than the calculated ionization potential. 

The  A p p r o x i m a t i o n  o~ N e g l e c t  of  Overlap 

In many applications of the LCAO MO technique the overlap between mem- 
bers of a non-orthogonal basis set is neglected. Although some justification of this 
assumption can be given [2], it can be shown that  a true Hartree-Foek SCF 
calculation is not being performed when it is used. 

The correct matrix eigenvalue equations for a set of non-orthogonal basis 
functions is : 

R ~ C ~ =  w~ku C k , 

or, for a closed-shell system in the equivalent form given by I~OOT~A,~N [9] : 

F C ~ = e ~ S C ~  . 

I f  the basis functions are now taken to be orthogonal and the same one- and two- 
electron integrals are retained in the formation of the matrix 17 (or, R,~), one has: 

F C~ = sk C~ . 

These equations would be equivalent if: 

M t F M  = F 
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where M is the  m a t r i x  such t h a t :  

M ~ S M = I  , 

the  uni t  ma t r ix .  
ROOTI~AA~ [9] has  shown t h a t  F i s  i nva r i an t  only  under  an u n i t a r y  t rans forma-  

t ion;  but ,  since one can rewri te  t he  l a t t e r  equa t ion  as : 

S : ( M M f )  -1 

which becomes,  i f  M is u n i t a r y :  

S = l  < = I  , 

the  r equ i rement  t h a t  M shall  be u n i t a r y  implies  t h a t  S n m s t  be the  uni t  mat r ix .  
Thus the  m a t r i x  F is i nva r i an t  under  t he  given u n i t a r y  t r ans fo rma t ion  only i f  the  
basis  funct ions  upon  which i t  is based  are or thogonal .  Thus the  m a t r i x / z  defined 
in t e rms  of  non-or thogona l  basis  funct ions  whose corresponding over lap  m a t r i x  
is assumed to be the  uni t  m a t r i x  is no t  a p roper  r ep resen ta t ion  of  the  H a r t r e e - F o c k  
opera tor .  

Atomic  Calculations with Neglect of Overlap 

I n  these calculat ions t h e  basis  set was the  same as t h a t  used  in the  accura te  
calculat ions.  The l inear  coefficients are given in Tab.  3, the  t o t a l  energies and  
re la ted  quant i t i es  are  given in Tab.  4. 

Table 3 
Linear coe]]icients (C~) ]or occupied orbitals in the atomic calculations with neglect o] overlap 

Slater Orbital 
System 

ls 2s 3s 

H e  + 

He 
Li + 
Li 

Be + 

Be 

Cls 

C1s 

C2s 
Cls 

dis 
G2s 

0.96 
0.93 
0.98 
0.97 

-0.24 
0.98 

-0.18 
0.98 

-0.19 

0.27 
0.37 
0.21 
0.25 
0.83 
0.18 
0.95 
0.20 
0.94 

0.00 
0.00 
0.02 
0.04 
0.50 
0.00 
0.24 
0.00 
0.28 

Table 4 
Total electronic energy ( E),  calculated ionization potential (1~), highest orbital energy 

the atomic calculations with neglect o] overlap. Hartree units are used 
(E,) /or 

System E I~ E,  Expt. Ev + Ic 

He + 
He 
Li+ 
Li  
Be+ 
Be 

-2A25 
-2.98C 
- 7.437 
- 7.622 

-14.725 
t5.000 

0.855 

0.t85 

0.275 

-0.877 

-0.198 

-0.27t 

0.903 

0.t98 

0.342 

-0.022 

-0.013 

0.004 

Compar ison of the  coefficients wi th  those  in Tab.  1 shows t h a t  the  approach  to  
i den t i t y  of the  corresponding orbi ta ls  of ion and  pa ren t  are ve ry  s imilar  in the  
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two sets of calcula t ions;  fur ther ,  the  var ious  quant i t ies  given in Tab.  4 exhib i t  
the  same t rends  as those  for the  accura te  a tomic  cMculations. I t  m a y  be concluded 
tha t ,  a l though the  t o t a l  energies are no longer reliable,  comparisons be tween the  
ion and  pa ren t  s tates ,  which is the  basis of  the  t es t  of Koo~?~a~'r theorem,  are 
st i l l  reliable.  

Calculations on the ~t System of Pyr idine 

The Jr molecular  orbi ta ls  were expanded  in t e rms  of s y m m e t r y  funct ions 
cons t ruc ted  as l inear  combina t ions  of a tomic  2 p x  orbitMs. ( I t  should be no ted  
t h a t  th is  is a necessary  s tep in t he  formal i sm of  the  R opera to r  since the  s y m m e t r y  
character is t ics  of  the  molecular  orbi ta ls  are used to  ensure o r thogona l i ty  be tween  
orbi ta ls  of different  s y m m e t r y  designat ion.)  Number ing  the  centres consecut ively  
from the  n i t rogen a t o m  as centre  1, the  basis funct ions  are : 

t 
Z~ ~ =  V ~ ( 2 p x ~ +  2px~)  ; 

I (2  Z~ 1 =  ~ px~ + 2 pxs) 

t 
z l  ~ = g ~  ( 2 ~ - 2 p ~ )  ; 

Z B1 = 2 p x  a ; 

g g  1 --  2 p x  1 ; 

t 
z~ ~ = -~  (2 w~ - 2 px~) 

The superscr ip ts  81, A 2 indica te  the  i r reducible  represen ta t ion  of  the  group C2v to  
which t i le  funct ion  serves as a basis.  

The in tegra ls  over  these  basis funct ions were ca lcula ted  in t e rms  of t he  a tomic  
integrMs t a b u l a t e d  in Tab.  5 and  6. These were eMeulated f rom d a t a  given in the  

Table 5 
Core integrals/or the pyridine calculation. The upper triangle o / a  symmetric matrix is displayed, 

with entries: 

C~j = - -  ( 2px~ H .... ] 2px~ ) 
Electron volts are used 

46.04 2.58 
42.02 2.40 

4t.78 
n 

2.40 
41.7t 

- 2.58 

l 
2.40 

41.78 [ 2.40 
] 42.02 

Table 6 
Two-electron integrals ]or the pyridine calculation. The upper triangle o / a  symmetric matrix is 

displayed with entry Ju, j~, in the (i, j)  position: Electron volts are used 

t2.30 7.68 
10.50 

5.60 
7.30 

t0.50 

4.97 5.60 
5.46 4.90 
7.30 5.46 

t 0.50 7.30 
t 0.50 ! 

7.68 
5.46 
4.90 
5.46 
7.30 

10.50 

l i t e ra tu re  [6]. Tha t  these  m a y  or m a y  no t  be the  bes t  values  is not  in quest ion;  i t  
is sutfieient for our  purpose  t h a t  t h e y  be typ ica l  of  those  used in PA~ISEg-PAgg 
t y p e  eMculations.  
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The results  of the  SCF calculat ions upon  pyr id ine  and  i ts  posi t ive  ion are given 
in Tab.  7. The difference in energy be tween the  ion and  pa ren t  was 0.424 Har-  
trees,  ident ica l  to  the  nega t ive  of the  highest  occupied orb i ta l  energy.  This agree- 

Table 7 
Linear Coe//icients ( C~) ]or the pyridine molecule and ion molecular orbitals 

System 
gl  9~4 

CsHsN 

QHsN+ 

C1A2 

C1B1 
C~B1 
C1A2 

0.57 
-0.27 

0.69 

0.57 
-0.25 

0.69 

Basis Function 

Z2 Z4 

0.52 0.32 
0.49 0.58 
0.73 

0.49 0.35 
0.51 0.60 
0.72 

0.53 
-0.59 

0.57 
-0.56 

meri t  is reflected in the  nea r - iden t i ty  of the  corresponding orbi ta ls  of the  two 
systems.  I t  is fu r ther  conf i rmat ion of the  hypothes is  t h a t  the  basis of K o o P ~ A ~ s '  
t heo rem is va l id  when the  con t r ibu t ion  ot  the  orb i ta l  energy for the  ionized elec- 
t r on  is a small  f rac t ion  of  the  t o t a l  electronic energy of the  pa ren t  sys tem.  

Acknowledgements. The authors are indebted to Mr. R. E. D. McCLc~O for the use of his 
programmes for the atomic one-and two-electron integrals, and to the Computing Centre of the 
University of Alberta for their cooperation. The support of tile National Research Council is 
gratefully acknowledged. 

References 
[1] Blass, F. W., and S. F~AGA: J. chem. Physics 38, 2552 (t963). 
[2] DAUDEL, R., R. LEFEBVlCE, and C. MOSER: Quantum Chemistry. New York: Interscience 

Publishers, Inc. t959. 
[3] F~AOA, S., and F. W. B~ss :  J. chem. Physics, accepted for publication, 1964. 
[4] KooPMA~s, T. A.: Physica, 1, 104 (1933). 
[5] LA1DLAW, W. G., and F. W. BI~ss: Theoret. ehim. Acta, accepted for publication, t964. 
[6] McWEEsrY, R., and T. E. PEACOCK: Proc. Physic. Soc. (London) A 79, 41 (~ 955). 
[7] PAR~ISER, 1~., and R. G. PAR~: J. chem. Physics 21, 767 (1953). 
[8] POPLE, J. A.: J. physic. Chem. 61, 6 (1957). 
[9] I~OOT~AAN, C. C. J.:  Revs. mod. Physics 23, 69 (1951). 

[10] - : Revs. mod. Physics 32, 179 (1960). 
[11] SINA~OGLC, 0., J. chem. Physics 86, 706 (1962). 

(Received March 23, 1964) 


